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1. INTRODUCTION 
The relativistic incompressible fluid can be defined in many ways. 
Synge [l] defines it as 
0 = a, (a constant) (1.1) 
p = (u - uo) 8, U.2) 
p = 5 uc2 + const., (1.3) 
where p is the pressure, u is the proper mass density, and c is the velocity of 
light. Frankl’ [2] has shown that the steady flow of a relativistic fluid governed 
by (1.3) is analogous to the steady flow of a classical compressible fluid with 
the (P, p) relation P = Kps. It has been shown by Shikin [3] that the equations 
of steady adiabatic motion of a relativistic ideal gas in special relativity can 
be reduced to the equations governing the steady flow of some nonrelativistic 
ideal gas. 
In this paper, we have shown that 
(i) the steady flow of a relativistic fluid characterized by (1 .I) is analogous 
to the steady flow of a classical pseudo-compressible fluid with the (P, p) 
relation P = A + (B/p), where A and B are constants, and 
(ii) the steady flow of a fluid characterised by (1.2) is analogous to that 
of an ordinary incompressible fluid. 
In Sections 2 and 3 we discuss the fundamental equations governing the 
steady motion of a fluid and the analogy equations for the two definitions (1.1) 
and (1.2). In Section 4 we have given a few simple solutions of the relativistic 
equations when (1 .l) holds. 
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2. FUNDAR~ENTAL EQUATIONS 
We consider the space-time of Special Relativity with a coordinate system 
P for which the metric has signature - 2, the components of the metric 
tensor being 
611 =g,, =g, = - 1 = -ga4, %!?&I” = 0, (P # 4, 
the Greek indices assume the values 1, 2, 3, 4 and the Latin indices assume 
the values 1, 2, 3 only, with the usual summation convention. The partial 
derivatives are denoted by comma. The fundamental equations of steady 
motion of a perfect fluid, in the space-time described above, are (cf. p. 303 
m’ 
(2-l) 
(0 ‘- +) Ufjd + ;p,ju’u’ = - $,, , 
(0 + +) f&j + $p,juc’ = 0, 
(2.2) 
(2.3) 
where u is the proper mass density, p is the pressure, c is the velocity of light 
and u* is the four-velocity vector of the fluid satisfying the condition 
Define a function 4 by 
IPU, = 1. (2.4) 
(25) 
where p0 is an arbitrary constant. The function 4 will be different for different 
fluids; for the definitions (1.1) and (1.2), the integral in (2.5) can be evaluated 
by substituting for (T. Consider the vector field Vu defined by 
Vu = e-Qu&. (2.6) 
In view of (2.4), V 11 satisfies the equation 
V”Vu = e-26. (2.7) 
’ In order to avoid sign errors in relating quantities in special relativity and their 
counterparts in Newtonian fluid dynamics, we shall use only one system of pseudo- 
Cartesian coordinates in special relativity. 
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3. THE ANALOGY 
CASE I. ~7 = uO (a constant). 
For this case, by using (2.5) and (2.6) the Equations (2.1), (2.2), and (2.3) 
can be written as 
(c?“V),i = 0, (3.1) 
p,(l + S) V:Yi = - e-*p,, , (3.2) 
p,(l + 6) v’,4jv = 0, (3.3) 
.-. 
where 6 = u&‘/p,, . Equations (3.1) and (3.2) may be considered tisfour 
equations in four unknowns V1, V2, V3, p. The fourth component V4 can be 
determined either from (3.3) or (2.7). 
In (3.1) and (3.2), we put 
,9 = L , 
PS 
P=P--s+P,, V” = [p,(lp+ J2 ui, (3.4) 
and obtain 
(PW,, = 0, 
u,iiuj= -&* 
P 
(3.5) 
(3.6) 
The Equations (3.5) and (3.6) describe the flow of a nonrelativistic com- 
pressible fluid of density p, pressure P, and velocity Ui. Since we are con- 
sidering the definition (1.1), the integral in (2.5) can be evaluated by putting 
o = a, . Then (2.5) gives 
e-6 = @J,c2 + p 
u,c2 + p, * 
The relation between P and p is then obtained from (3.4) and (2.5a) as 
P,A+g, 
P 
(3.7) 
where A = P, - (jO + uoc2), B =pops(G + 1); P, and ps are the pressure 
and density of the compressible fluid at a stagnation point (see (3.8)). 
When the motion is irrotational, Ui = cD,~ , where @ is the velocity poten- 
tial. Eq. (3.6) (by using (3.7)) can be integrated to give 
q2 + Pcl(l + 8) Ps = PrJU + 4 
P2 
> 
PS 
(3.8) 
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where q2 = (U1)2 + (Uz)2 + (U3)2. Equations (3.5), (3.6), and (3.7) describe 
the flow of a Chaplygin pseudo-fluid. The expression for the square of the 
speed of sound, which is obtained from (3.7) as 
POPS@ + 1) dP 
dp-- p2 ’ 
is always negative. Consequently, unlike in usual compressible flows, the 
flow classification with respect to sound speed is not possible from (3.9). 
CASE II. p = (I? - us) C’. 
In this case, the integral in (2.5) can be evaluated by substituting for a 
from (1.2) and taking pa = 0; and this gives 
e-2” _ 2P + w2 . 
uoc2 
By using (2.6) and (2.5b) the Equations (2.1)-(2.3) can be written as 
v;j = 0, (3.10) 
v,i,vj = - +p,j, (3.11) 
v4.p zz 0 
13 (3.12) 
where k = u,,c2. In (3.10) and (3.11) we put, i 
where k, is a constant with the dimensions of the velocity, and obtain 
i7,aj = 0, (3.14) 
/jOf,p = - p,j. (3.15) 
Equations (3.14) and (3.15) describe the flow of a classical incompressible 
fluid with velocity l?, pressure p, and constant dentity p. 
4. PLANE POTENTIAL FLOW SOLUTIONS 
In the case of plane, potential steady flow it is well known that the Equa- 
tions (3.5), (3.6), and (3.7) lead (in the subsonic case) to Laplace’s equation, 
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for both the velocity potential and stream function in the hodograph plane [4]. 
The equations can be easily solved for vortex, radial, and spiral flows. The 
corresponding solutions for the relativistic case are obtained through the 
connecting Eqs. (3.4) and (2.6). 
(i) Vortex Flow 
The relativistic solutions are 
where K is an arbitrary positive constant, Y = 2/(x1)” + (9)” (also in the 
following solutions (ii) and (iii)), and 
[ I 
l/2 
F= PS 
r2p,(l + 6) - K”P~ ’ 
The pressure p > 0 for co > y2 > K2p,(l + S)/po(l + 28). The flow takes 
place in the region defined by the above inequality. 
(ii) Radial Flow 
In this case, the relativistic solutions are 
d =F [po,;+ gJ1(p u4 =Q, 
where L is an arbitrary constant and 
Q = [l + 12p07’; s> 1 
112 
- 
The pressure 
P>O for 
L”p*P 
co ’ y2 ‘po(l + 8) (1 + 26) * 
(4.2) 
The flow takes pace in the region defined by the above inequality. 
4”9123/2-15 
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(iii) Spiral Flow 
For this flow, the solutions are given by 
I 
[ 
1!2 
U1 = F po(lp; 6) 1 [Lx' - WR], 
22 = f rpuclp; J2 [Kx’R + Lx219 
u4 = R, 
p = O&2 [- 1+ (1 +$f], 
where K and I, are arbitrary constants (which may be taken as the same 
constants as in (i) and (ii)) and 
r'po(l + 6) + L2p, 
R = Lpo(* +a) -zq& I 
1’2 
. 
The pressure 
P>O for oc, > r2 > K2PsU + aI2 + L21dj2 P,(l + 6) (1 + 26) * 
The flow takes place in the region defined by the above inequality. 
In all the three examples considered above, at Y = CO, u4 = 1, p = PO and 
all other velocity components vanish. 
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